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This paper presents deterministic and probabilistic predictions of inelastic
response spectra based on a comprehensive ground motion prediction equation
(GMPE). Our analysis reveals that over a wide structural period range, the
magnitude scaling for an inelastic system is higher than that for an elastic
system, especially for ductility levels greater than 2 and magnitude greater
than 6.5. Both deterministic and probabilistic hazard analyses show that the
“equal displacement rule,” to estimate inelastic displacement, is valid for small
to moderate magnitudes and/or for low ductility levels. However, it
underestimates inelastic deformation even for long period structures if the
earthquake magnitude is large and the structure needs to sustain a large
ductility. Our study shows that an inelastic GMPE can easily be implemented
as part of standard probabilistic seismic hazard analysis (PSHA) packages to
directly generate probabilistic hazard for inelastic response, avoiding possible
over- or under-conservatism in approximating inelastic deformation from an
elastic system. �DOI: 10.1193/1.3281659�

INTRODUCTION

In the companion paper that appears in this issue (Bozorgnia et al. 2010), we pre-
sented the methodology and validation of the development of a comprehensive ground
motion prediction equation (GMPE), or “attenuation” relationship, for inelastic response
spectra. We developed a large database of inelastic response spectra using a subset of the
PEER NGA strong motion database. Our selected database includes 3122 horizontal
records from 64 earthquakes with moment magnitudes ranging from 4.3–7.9 and rupture
distances ranging from 0.1–199 km. Using this comprehensive database of “constant duc-
tility” spectra, we developed GMPEs for different levels of displacement ductility ranging
from one (i.e., elastic response) to eight. For each ductility level, the GMPE correlates in-
elastic spectra to earthquake magnitude, fault mechanism, fault distance, local soil condi-
tions, and basin (sediment) depth.

In this paper, we use the developed GMPEs to predict yield strength and inelastic
displacement spectra as a function of source, path and site parameters. We further use
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the GMPE in a probabilistic seismic hazard analysis (PSHA) computer code to directly
carry out PSHA on inelastic response spectra. Example PSHA results are presented in
this paper for a site in San Francisco, California.

By analyzing a comprehensive database of inelastic spectra, we examine the rela-
tionship between the predicted inelastic and elastic displacement spectra, and the sensi-
tivity of such a relationship to various fundamental parameters such as earthquake mag-
nitude and fault rupture distance. We also examine the range of the validity of the
traditional assumptions, such as the classic “constant displacement rule,” that has been
extensively used in earthquake engineering.

Details of the model development can be found in Bozorgnia et al. (2010); however,
for the sake of self-sufficiency, we recall a few basic definitions (see, e.g., Bozorgnia and
Campbell 2004). The subject structural model is a single-degree-of-freedom (SDF) in-
elastic system with an elastic-perfectly-plastic force-deformation relationship. The key
parameters of the inelastic system are defined as follows: yield strength Fy; yield defor-
mation uy; and maximum deformation umax (relative to the ground). The system ductility is
defined as µ=umax /uy. We used a 5% viscous damping ratio.

In this paper, we first present the median prediction results for normalized yield
strength Fy /W spectra, where W is the weight of the system. This is followed by a pre-
sentation of the predicted maximum inelastic displacement umax as a function of funda-
mental parameters defining source, path and site effects. We then examine the relationship
between elastic and inelastic displacements. Finally, we present examples of PSHA results
for the yield strength and inelastic displacement of the model structure for a site in San Fran-
cisco.

PREDICTION OF YIELD STRENGTH SPECTRA

Selected results of the median prediction of the yield strength spectra are presented
in this section. Figure 1 shows complete median inelastic spectra for the normalized
yield strength Fy /W at a site with Vs30=760 m/s located at rupture distances 1 and 10 km
from a strike-slip fault of magnitude 7.5 for µ=1, 2, 4, 6 and 8. For comparison purposes,
median elastic spectra predicted by the Campbell and Bozorgnia (2008) GMPE developed as
part of the Next Generation Attenuation (NGA) project, are also plotted with dashed lines. At
short and moderate periods the results of the current study for µ=1 are very consistent with
those predicted by Campbell and Bozorgnia (2008). A more detailed comparison of these
two elastic displacement spectra at long periods will be presented in the next section.

Consistent with previous nonlinear analysis studies (e.g., Newmark and Hall 1982,
among others), it is evident from Figure 1 that the strength demand can be substantially
reduced if a moderate level of ductility (e.g., µ=2) is sustained by the structure. Larger
available ductility can only result in a moderate reduction in the strength demand.

Effects of style of faulting on inelastic spectra are presented in Figures 2 and 3.
These figures are for µ=4. Figure 2 presents the scaling of ground motion with near-
source distance revealing the effects of style-of-faulting, hanging wall, and footwall.
These figures show that for reverse faulting, if the coseismic fault rupture does not reach
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the ground surface (i.e., ZTOR�0), the inelastic demand is higher than for the case with
surface rupture. Unsymmetrical curves in Figure 2 (with respect to the vertical axis) are in-
dicative that hanging wall sites are subjected to higher inelastic demands than those at the
footwall. Figure 3 shows these effects over a wide period range. In this figure, the effects of
style of faulting, i.e., strike-slip, reverse (with and without surface rupture), and normal fault-
ing, as well as hanging wall/footwall effects are presented. Figure 3 shows that earthquakes
with different styles of faulting demand different yield strengths on systems with periods
shorter than about 1.5 sec when the hanging wall effects are included. The trends presented
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Figure 1. Median inelastic spectra for Fy /W at a site with Vs30=760 m/s located at rupture dis-
tances RRUP=1 km (left), and 10 km (right) from a strike-slip fault for magnitude 7.5. Each case
has spectra for ductility µ=1, 2, 4, 6 and 8. For comparison, median elastic NGA spectra predicted
by Campbell and Bozorgnia (2008) are also plotted.

MW=7.0, Vs30=760, Z2.5=2, μ= 4, T=1.0

-50 -40 -30 -20 -10 0 10 20 30 40 50
RRUP (km)

0.00

0.10

0.20

0.30

0.40

F y
/W

Strike Slip (Dip=90)
Reverse (Dip=45, ZTOR=0)
Reverse (Dip=45, ZTOR=1)
Normal (Dip=45)

MW=7.0, Vs30=760, Z2.5=2, μ= 4, T=0.2

-50 -40 -30 -20 -10 0 10 20 30 40 50
RRUP (km)

0.00

0.50

1.00

1.50

F y
/W

Strike Slip (Dip=90)
Reverse (Dip=45, ZTOR=0)
Reverse (Dip=45, ZTOR=1)
Normal (Dip=45)

Figure 2. Effects of style of faulting and hanging-wall/footwall site locations for M=7.0. The
plots are for ductility µ=4, at periods 0.2 sec (left) and 1.0 sec (right). “Positive distances” denote

site locations on hanging-wall, and “negative distances” denote site locations on footwall.
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in Figures 2 and 3 for inelastic spectra are qualitatively consistent with those for elastic spec-
tra (Campbell and Bozorgnia 2007, 2008). Also similar to the case of the NGA elastic, the
results for normal faulting are less constrained than those for strike-slip and reverse faults, as
the database includes much smaller number of normal faulting events than strike-slip and
reverse events.

Local site effects, in terms of the average shear-wave velocity in top 30-m of soil
�VS30� are presented in Figure 4. The VS30 values in this figure (150, 255, 525, 1,070 m/sec)
are representative of NEHRP site classes E, D, C, and B respectively. As this figure shows, at
moderate and long periods, the strength demand on the inelastic system increases with de-
creasing VS30. This behavior is qualitatively consistent with the site effects on elastic spectra
(Campbell and Bozorgnia 2007, 2008). The variations of the soil amplification factors for
various values of VS30 are plotted in Figure 5. In this figure, “site amplification” is defined as
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Figure 3. Effects of style of faulting and hanging-wall/footwall on inelastic response spectra.
The plots are median inelastic spectra for Fy /W for ductility µ=4, at a site with Vs30
=760 m/s located at rupture distance of 5 km, for a magnitude 6.5 earthquake. Top frames are for
footwall (FW) and bottom frames for hanging wall (HW) sites. Left frames are for the case in which
the fault rupture reached the surface �ZTOR=0�, and right frames are for ZTOR=1 km.
the ratio of �Fy /W� for various VS30 values, over that for VS30=1,070 m/sec. The dashed
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lines in this figure are for the acceleration response spectra predicted by the NGA relation-
ships of Campbell and Bozorgnia (2007, 2008). Figure 5 shows that the site amplifications
for elastic and inelastic response spectra are comparable, with a minor difference at longer
periods and lower shear-wave velocities.

Effects of soil nonlinear response on the site amplifications are presented in Figure 6
for µ=4. The site amplifications in this figure are for the same NEHRP site categories as
in Figures 4 and 5. It is evident that by increasing the severity of the input motion, as
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Figure 4. Effects of Vs30 (site effects) on median inelastic spectra for Fy /W for ductility µ=4, at a
site located at distance 10 km from a strike-slip fault for magnitude 5.5 (left) and 7.5 (right).
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Figure 5. Site amplification effects on median inelastic spectra for Fy /W for ductility µ=4
(solid lines), at a site located at distance 10 km from a strike-slip fault for magnitude 7.5. Dashed
lines are for the corresponding site amplification for elastic NGA by Campbell and Bozorgnia

(2008).
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measured in this figure in terms of PGA on rock, the site amplification reduces, espe-
cially for softer soils. The reduction in amplification is due to the soil nonlinear behavior.
This concept is qualitatively consistent with that for elastic structural response as re-
ported by Campbell and Bozorgnia (2007, 2008).

Finally, the effects of sediment depth, i.e., basin effects, are shown in Figure 7. This
figure shows the normalized yield strength �Fy /W� spectra for µ=4 for sediment depths
�Z2.5� of 0, 2, and 5 km, for Vs30=255 m/sec (representative of the NEHRP site class D).
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Figure 6. Shallow site amplification scaling with rock PGA (i.e., A1100) for ductility µ=4, at
periods 0.2 sec (left) and 1.0 sec (right).
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Figure 7. Effects of Z2.5 (basin effects) on median inelastic spectra for Fy /W for ductility µ=4, at
a site with NEHRP “D” site condition located at distance 10 km from a strike-slip fault for magni-

tude 7.5.
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By increasing the sediment depth, the yield strength demand increases. This is also concep-
tually consistent with the effect of sediment depth on the elastic spectra, especially at longer
periods (Campbell and Bozorgnia 2007, 2008).

PREDICTION OF INELASTIC DISPLACEMENT SPECTRA

In this section, we present the results of our prediction of inelastic displacement de-
mands. Figure 8 shows median values of the maximum displacements at a site located at
10 km from a strike-slip fault for moment magnitudes 5.5, 6.5, and 7.5. The displacement
spectra plotted in this figure are for µ=1, 2, 4, 6, and 8. Given the ductility ratio and period
of the system, inelastic displacement demand and yield strength are related through the defi-
nition of ductility ratio and the fact that Fy is the product of uy and the initial elastic stiffness.
For comparison, Figure 8 also shows the elastic displacement spectra predicted by the Camp-
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Figure 8. Median displacement spectra �umax� at a site with Vs30=760 m/sec located at rupture
distance 10 km from a strike-slip fault of magnitudes 5.5 (top left), 6.5 (top right) and 7.5 (bottom).
Each frame has spectra for ductility µ=1, 2, 4, 6 and 8, and NGA elastic prediction by Campbell and
Bozorgnia (2008).
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bell and Bozorgnia (2007, 2008) NGA relationships. There is a difference between the dis-
placement predicted for µ=1 and that by the NGA relationship at low and moderate magni-
tudes. This is mainly due to the seismological constraints that were applied to the regression
coefficients in the NGA elastic GMPE at long periods (see Campbell and Bozorgnia 2007,
2008 for details). In the current study, we applied very limited constraints on the computed
coefficients. Figure 8 also shows that the shape of elastic and inelastic displacement spectra
is a function of magnitude. By increasing magnitude, the spectral peak shifts to longer peri-
ods, as larger magnitude earthquakes tend to be richer in long-period ground motions than
smaller events.

To examine the relative differences between the spectra of inelastic and elastic dis-
placements, Figure 9 presents the ratio of the maximum inelastic displacement over the
displacement for µ=1 for various magnitudes and ductility levels. This ratio is also
called “inelastic displacement, or deformation, ratio” (e.g., Miranda 2000, Chopra and
Chintanapakdee 2004). Figure 9 is for a distance of 10 km from the earthquake source.
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Figure 9. Ratio of median displacement for a ductility µ over that for µ=1, for magnitude 5.5
(top left), 6.5 (top right), and 7.5 (bottom) for RRUP=10 km.
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Figure 10 presents similar results for a distance of 40 km. These figures show that for peri-
ods longer than some “crossing period” the maximum displacement is less sensitive to duc-
tility, and in fact the maximum displacement decreases with increasing ductility, and as a
special case, the elastic displacement is larger than the inelastic displacement.

An important revelation in Figures 9 and 10 is that the crossing period is a function
of earthquake magnitude, and it shifts to longer periods by increasing magnitude. The
crossing period is around 0.5–1 sec, 3–4.5 sec, and 5–5.5 sec for magnitudes 5.5, 6.5,
and 7.5, respectively. For periods shorter than the crossing period, the ratio of inelastic over
elastic displacements increases with increasing ductility, and shorter periods correspond to a
wider difference between elastic and inelastic displacements. As an example, for an earth-
quake of magnitude 7.5 and a period of 2.0 sec, the median of maximum inelastic displace-
ment for µ=6 is about 20–30% larger than that for elastic system.

Figures 9 and 10 also reveal that in the ranges of parameters of most concern, the
ratio of inelastic to elastic displacements is more sensitive to magnitude than distance.
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Figure 10. Ratio of median displacement for a ductility µ over that for µ=1, for magnitude 5.5
(top left), 6.5 (top right), and 7.5 (bottom) for RRUP=40 km.
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This is qualitatively consistent with the results presented by Tothong and Cornell (2006);
however, at long periods our results show stronger magnitude dependency than their
study. Other previous studies either concluded that median inelastic displacement ratio is
relatively independent of both magnitude and distance (e.g., Chopra and Chintanapakdee
2004, Miranda 2000), or did not investigate the magnitude scaling (e.g., FEMA 440
2005). Analysis of a very large database of inelastic spectra has enabled us to trace the
sensitivity of the inelastic displacement ratio to various parameters such as earthquake
magnitude, site-to-source distance, among other parameters.

We are now in the position to re-examine the pioneering concept of the “equal dis-
placement rule” proposed decades ago by Veletsos, Newmark, and Hall (Veletsos and
Newmark 1960, Riddell 2008). Newmark and Hall (1982) summarized the concept as
follows: “For low frequencies, corresponding to about 0.3 Hz as an upper limit [periods
longer than 3.3 sec], displacements are preserved. In fact, the inelastic system may have
perhaps even a smaller total displacement than elastic systems. For frequencies between
about 0.3 to about 2 Hz [periods between about 0.5 and 3.3 sec] the displacements are very
nearly the same for all ductility factors” (words in brackets are ours). This is the classic
“equal displacement rule” which has been used as the basis of seismic design of many
structural systems worldwide.

As Figures 9 and 10 show, we can definitely confirm the equal displacement rule;
however, its period range of validity is a function of earthquake magnitude and ductility
level. We should be especially careful in using the equal displacement rule if the earth-
quake magnitude is large and the structure needs to sustain a large ductility. For ex-
ample, as shown in Figures 9 and 10, for a magnitude of 7.5 and µ=6, the equal dis-
placement rule can result in an unconservative estimate of the inelastic displacement
over a wide period range shorter than about 3.0 sec. On the other hand, for the same earth-
quake, we can comfortably use the equal displacement rule for µ=2 and periods longer than
about 0.5 sec.

As mentioned above, for a given ductility level, and at periods shorter than a “cross-
ing period,” the ratio of inelastic over elastic displacement increases with increasing the
magnitude. In other words, by increasing magnitude, although both elastic and inelastic
displacements increase, the inelastic displacement increases more than the elastic dis-
placement. This means that the scaling of inelastic displacement with magnitude is
larger for an inelastic system than for the elastic system. We explicitly examine this issue
in Figure 11, which shows the trends in increasing the maximum displacement due to
increasing magnitude by one unit. Figure 11 reveals that over a wide period range, mag-
nitude scaling is higher at higher ductility levels, and as a special case, magnitude scal-
ing for inelastic systems (especially for µ�2) is higher than that for elastic systems.
Consequently, it is generally unconservative to use the magnitude scaling model for an
elastic system and apply it to an inelastic system, as is a common practice in performing
seismic hazard analyses for elastic response spectra and using these results to predict
inelastic response spectra. The degree of such an unconservatism depends on the level of
ductility, as elaborated below. Also, by comparing the top right and top left frames in
Figure 11, we observe that in the ranges of the parameters of most interest, the magni-
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tude scaling is a relatively weak function of distance (see Equation 4 in Bozorgnia et al.
2010).

An interpretation of the above observation that magnitude scaling is higher at higher
ductility levels is schematically presented in the bottom-right plot of Figure 11. In this
plot, two concepts are illustrated: (i) For elastic systems, magnitude scaling generally
increases with period, i.e., a larger magnitude earthquake can produce richer long-period
ground motions. (ii) Inelastic systems generally exhibit “softening” of effective stiffness,
or lengthening of effective period (see e.g., Iwan and Gates 1979; among others). There-
fore, an inelastic system with initial period T0 behaves like an equivalent elastic system
with an “effective period” Teff�T0. Therefore, as the lower-right plot in Figure 11 shows, if
elastic response spectra are used, for a system with initial period T0 the actual magnitude
scaling should be associated with a longer period Teff�T0. Since a larger ductility generally
causes a longer Teff, magnitude scaling becomes larger by increasing ductility. Hence, as
stated above, it is generally unconservative to use the magnitude scaling of an elastic system
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Figure 11. Magnitude scaling on median displacement response, i.e., scaling of maximum dis-
placement �umax� by increasing one unit magnitude. Bottom right frame conceptually illustrates the
effect of period lengthening (due to inelastic deformation) on the magnitude scaling.
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to predict inelastic response, especially for µ�2; and the degree of the unconservatism de-
pends on the ductility level.

PSHA IMPLEMENTATION OF GMPE FOR INELASTIC SPECTRA

In order to directly perform a probabilistic seismic hazard analysis (PSHA) on in-
elastic spectra, the developed inelastic GMPE is used as part of a PSHA package. Since
our GMPE in this study has the same general form as that developed by Campbell and
Bozorgnia (2007, 2008), any PSHA computer package that already incorporates the
Campbell and Bozorgnia elastic GMPE, can easily be modified to use our inelastic
GMPE. One such PSHA computer package is OpenSHA (Field et al. 2003, OpenSHA
2009). To demonstrate the concept, we used OpenSHA to carry out inelastic PSHA for
a site in San Francisco, California, located about 15 km from the San Andreas Fault. Ex-
amples of PSHA results are presented in Figures 12 and 13. Figure 12 shows the probability
of exceedance in 50 years for the seismic coefficient Fy /W for T0=0.2 and 3.0 sec. By
choosing the level of probability of exceedance and expected available ductility, one can eas-
ily estimate the seismic coefficient Fy /W demanded by the ground shaking at the site. In
such direct PSHA results, there is no need to assume a simplified relationship between elastic
and inelastic spectra as is a common practice now.

Figure 13 presents the PSHA example results for maximum inelastic deformations
for the same site in San Francisco for periods T0=0.2, 1.0, 3.0 and 5.0 sec. This figure
reveals that the maximum deformation of an inelastic system is higher than that for an elastic
system, even for long structural periods, especially for low probability of exceedance and
large ductility demands. Therefore, for a relatively low probability of exceedance and large
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Figure 12. Results of probabilistic hazard analyses (PSHA) for Fy /W at a site in San Francisco,
California, for ductility µ=1, 2, 4, 6 and 8, and for periods 0.2 sec (left) and 3.0 sec (right), for
Vs30=760 m/sec, Z2.5=1 km.
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levels of ductility it is unconservative to carry out a PSHA for an elastic system and assume
the constant displacement rule to estimate maximum displacement of an inelastic system.

As Figure 13 shows, for example for µ=6 and T0=1.0 sec at 2% probability of ex-
ceedance in 50 years (2475 return period), maximum inelastic displacement is about 29%
higher than maximum elastic displacement. This same difference is about 22% at T0=3.0. It
is not until a period of about 5.0 sec that the elastic and inelastic displacements converge.
This trend is consistent with the deterministic results presented in the lower right plot of Fig-
ure 9. It is also important to note that the PSHA results presented in Figures 12 and 13 are for
a site in San Francisco, a place with a potential to experience a large magnitude event. For
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Figure 13. Results of PSHA for maximum deformation at a site in San Francisco, California,
for ductility µ=1, 2, 4, 6 and 8, and for periods 0.2, 1.0, 3.0, and 5.0 sec, for Vs30
=760 m/sec, Z2.5=1 km.
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other sites farther away from major active faults, or for lower ductility, the PSHA results for
inelastic and elastic displacements are closer to each other over a wider period range.

It should be noted that the effects of directivity pulses were not explicitly considered
as part of our analysis. Such pulses can have substantial effects on inelastic deformations
(see, e.g., Bertero et al. 1978, Bozorgnia and Mahin 1998).

SUMMARY AND CONCLUDING REMARKS

We developed and used a large database of inelastic response spectra to formulate a
ground motion prediction equation (GMPE, or “attenuation” relationship) for inelastic
spectra, as reported in our companion paper (Bozorgnia et al. 2010). We used this
GMPE to directly perform deterministic and probabilistic seismic hazard analyses for
inelastic response spectra. The GMPE is associated with different levels of displacement
ductility ranging from one (i.e., elastic response) to eight. For each ductility level, the
GMPE correlates inelastic spectra to earthquake magnitude, fault mechanism, site-to-
source distance, local soil conditions, and basin (sediment) depth. We used our inelastic
GMPE in OpenSHA, an open source PSHA computer package, to perform a hazard
analysis for inelastic response spectra for a site in San Francisco, California.

The newly developed GMPE for inelastic spectra and its implementation in hazard
analyses have revealed that:

• We could verify the pioneering concept of the “equal displacement rule” pro-
posed by A. Veletsos, N. Newmark, and W. Hall; however, its period range of
validity is a function of earthquake magnitude and level of ductility. For small
and moderate events, and/or for low ductility levels, the constant displacement
rule works well over a wide period range. Inelastic displacement will, however,
be underestimated if we use the equal displacement rule, even at long periods,
for structures that need to sustain a large degree of ductility during a large mag-
nitude earthquake.

• “Magnitude scaling” of inelastic spectra, i.e., increase of inelastic spectral ordi-
nates with increasing earthquake magnitude, is higher than that for elastic spec-
tra, especially for µ�2 and magnitudes greater than 6.5. This is mainly due to a
combination of two phenomena: (a) larger magnitude events produce richer long-
period ground motions; and (b) the effective period of inelastic system increases
with increasing ductility level (see Figure 11). It is, therefore, generally uncon-
servative to use magnitude scaling of an elastic system and apply it to an inelas-
tic system, especially for µ�2. The degree of the unconservatism depends on the
ductility level.

• Consistent with the deterministic analysis, PSHA results revealed that for a site
located near a major active fault system, maximum inelastic displacement is
higher than maximum elastic displacement over a wide period range, if the duc-
tility demand is high in a rare seismic event.

Our study shows that a GMPE for inelastic spectral ordinates can easily be imple-
mented as part of a standard PSHA package in order to directly perform probabilistic
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seismic hazard analysis for inelastic response, avoiding possible over- or under-
conservatism in approximating inelastic deformation from elastic deformation.
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